We develop an asset pricing model based on the interaction of heterogeneous trading groups. In addition to the two main trader groups, fundamentalists and trend-chasing chartists, we include a third significant group known as contrarian chartists. We model the case of opportunistic contrarian behavior, where the contrarian group disagrees with the trend-chasing chartists only when the return differential is high. We also consider absolute contrarian behavior, in which the contrarians consistently disagree with trend-chasers. The models are nonlinear planar maps, exhibiting period doubling, Neimark-Sacker and global bifurcations leading to local chaotic behavior. Absolute contrarian behavior is found to have a moderating effect on price change, while opportunistic contrarian behavior is found to further complicate the price cycles present in other models.
Overview
Low dimensional nonlinear maps, also known as discrete dynamical systems or difference equation systems, have the capacity to exhibit an astonishingly wide range of behavior. In the area of financial asset pricing theory, when doubts were raised whether asset prices are properly modeled as random processes, there came a realization that the interaction of investor classes can be expressed as maps [Chiarella, 1992] . Such dynamical systems models for asset pricing usually consider the interaction of two dominant classes of traders: fundamentalists and chartists. Fundamentalists, or "smart money" traders, base their decisions on the belief that, over time, prices tend to return to their fundamental value. Chartists use simple rules, past trends, and extrapolation of data to predict future prices.
Several models incorporating this heterogeneity have been formulated. Most of the models consider only fundamentalists and "trend chasing" chartists [Brock & Hommes, 1998 , 1997 Chiarella et al., , 2006 Chiarella et al., , 2002c Westerhoff, 2005] while others also mention a third trader type called "contrarian" chartists [Brock et al., 2005; Chiarella & He, 2002a , 2003 . Contrarians consider the opinions of other investors, and when this opinion becomes unreasonable or extreme, they invest against it [Gallea & Patalon, 1998 ]. For instance, they may choose to invest in a stock when its price is low, requiring less initial risk. However, there is no guarantee that the stock price will rise to more normal levels over time. In fact, the price may decrease even further and hence investors incur a loss. On the contrary, the price could rise substantially over time, and in this case contrarians can make huge profits.
In Sec. 2 we derive new models, which extend a model of to include contrarian chartist behavior. Sections 3 and 4 discuss the local and global bifurcations occurring in the new models. These results are based on bifurcation theory (see [Kuznetsov, 2004] ) as well as graphical tools such as iDMC [Medio & Lines, 2001] . The results obtained from the models are compared to the benchmark model , and important differences are observed for the case of contrarians who condition their orders on market circumstances. The implications for asset pricing are discussed as each result is obtained.
The Models
Let P t denote the logarithm of the asset price at time t, and let D t denote excess demand for the asset at time t. The demand is comprised of the demands of fundamentalist and chartist trader groups. We denote the fundamentalist demand at time t by D f t and the chartist demand at time t by D c t . Since fundamentalists act according to assumptions concerning the fundamental value of the asset at time t, the demand for the asset by fundamentalists depends on the proximity of price at time t to the perceived fundamental value. Thus, we can express this demand as
where F t is the logarithm of the fundamental value of the asset at time t, and is assumed known and constant: F t ≡ F . As in , we introduce a parameter a > 0 to represent the strength of the reaction of fundamentalists to perceived mispricing in the market. Fundamentalists believe that prices will move toward their fundamental values, so they will buy when the market price is below the fundamental value and sell when it is above fundamental value. The extent of the reaction to mispricing affects a fundamentalist's decision to buy or sell, and hence the rate constant a is required.
Chartist demand is composed of trend-chasing and contrarian demand:
We let c 1 represent trend-chasing investors and c 2 represent contrarian investors. Trend chasers base expectations of future prices on previous price changes, patterns, and the behavior of other investors. Their expectation of the price change from the current time t to the next period t + 1, denoted γ t,t+1 is, by definition, given as
where I t represents the information available up to time t.
Chartists allocate their wealth between risky and riskless assets. This allocation depends on the expected return differential, γ t,t+1 −b, where b is the return on the riskless asset at time t, and is assumed constant. The riskless asset could be, for example, a government bond, which has a negligible amount of risk associated with it. The demand of each chartist type is given as a function of this differential.
For trend-chasing chartists, we write the demand for the risky asset at time t as
Strict conditions must be placed on the function g 1 so that a realistic value of the excess demand will correspond to each value of the return differential. For example, if the return differential at time t is positive, more wealth will be allocated to the risky asset and hence the excess demand will be positive. Trend-chasing chartists will receive a buying signal and increase the number of shares of the risky asset which they own. However, if the return differential at time t is negative, trend-chasing chartists typically sell some of their shares of the risky asset and allocate more wealth to the riskless asset, and hence the excess demand will be negative. The choice of function is not as important as its underlying properties. Similar to the properties listed in , we reason that the excess demand function for trend-chasing chartists should be a function g 1 ∈ C 2 with the following properties (where x = γ t,t+1 − b):
A common choice for such a function is (5) which is consistent with the function chosen in and will be the sample function used in our model analysis.
The expectation of price change between t and t + 1 depends on the amount of success that trendchasers have had in accurately measuring price change in the past. We can express γ t,t+1 as
Thus, the trend-chasers examine the difference between the actual change in price from t − 1 to t and the expected change in price during the same period. If this value is negative (i.e. the expected price change in the previous period was too high), then the expectation of price change between t and t+1 will be less than the expectation of price change between t − 1 and t. Similarly, if this value is positive, then the expectation of price change between t and t + 1 will be greater than that of the previous period. Trend-chasing chartists constantly adjust their estimates of the changes in future prices. The rate at which they make these changes about current trends is a key factor when forming expectations of price changes. Specifically, the parameter c represents the rate at which trend chasers update their current estimate of the trend of future price changes, and realistically assumes a value c ∈ (0, 1). For contrarian chartists, we write the demand for the asset at time t as
Let us consider two possibilities. The extreme case is that of an absolute contrarian. The strategy of this chartist trading group is to consistently oppose the trend of past price changes. If the majority is buying then they sell, and if the majority is selling then they buy. The demand function for such a group can be characterized by the following properties, which are in simple opposition to those of the trend-chasing chartists:
An appropriate demand function for such a contrarian could take the form
This will be the sample function used in our analysis of this case.
Many experts believe that to succeed as a contrarian investor, one must know when to act on the disagreement. When the opportune time to buy or sell arises, a contrarian takes action and then waits for the majority to share the same point of view. If this occurs, then a contrarian and a trend chaser are in agreement while the stock price rises or falls, as only a majority can push prices enough to make the initial buy or sell worthwhile to the opportunistic contrarian viewpoint.
In terms of the model, opportunistic contrarians will buy when the return differential is close to zero, hoping that prices will begin to increase. If this is the case, then trend chasers will see this as an investment opportunity and will also buy. The opportunistic contrarians will sell when the return differential is far from zero, under the assumption that prices have peaked and will not continue their upward trend. The demand function for such a group can be summarized by the following properties:
One function which satisfies the above properties is
The total excess demand for the asset at time t is the sum of the fundamentalist demand, the trend chasing chartist demand and the contrarian chartist demand:
More specifically,
Using this equation, the asset price can be determined. The price at time t + 1 is given as
where β p > 0 represents the speed at which the price adjusts to the excess demand . In summary, the following system serves as a model for the expectation of price change between two consecutive time periods as well as the actual price at the end of the same period:
(13)
Analysis
System (13) is a planar map, and can be written in standard form as:
This system has a unique fixed point, namely
As in , we introduce the price deviation p, defined as
Hence, the map in terms of p and γ is given by
where
. System (14) has a unique fixed point at the origin. To obtain stability results, the eigenvalues (λ 1 , λ 2 ) of the Jacobian matrix corresponding to (14) are found:
where (15) is positive, then a local bifurcation of the fixed point can occur as an eigenvalue passes through λ i = ±1 by varying the parameters. In the model (14), it is not possible for eigenvalues to pass through λ i = +1, assuming a, β p , c > 0. However, a stable period doubling, or "flip", bifurcation can occur for |λ 1 | < 1 and λ 2 = −1. We calculate the condition for stable period doubling to be aβ p c = 2(aβ p − cK + c − 2), under the restrictions that (aβ p +c−cK) 2 −4aβ p c > 0 (the discriminant is positive) and 2 < aβ p + c − cK < 4 (giving a period doubling bifurcation that is stable:
If the discriminant of (15) is negative, then a Neimark-Sacker, or "discrete Hopf ", bifurcation can occur for (aβ p + K − 1)c = aβ p , assuming nonresonance conditions are satisfied.
Treating c as the bifurcation parameter, we find that
is a stable period doubling bifurcation value, and
is a supercritical Neimark-Sacker bifurcation value. Requiring c 0 > 0 and c 1 > 0, we obtain the following conclusions concerning the local bifurcations of the fixed point (p, γ) = (0, 0).
• The parameter region aβ p > 2, a 2 β 2 p < 4(aβ p + K−1) corresponds to a medium or strong demand for the asset. Here the fixed point becomes stable at c = c 0 > 0 due to subcritical period doubling bifurcation. The fixed point then undergoes a supercritical Neimark-Sacker bifurcation at a value c = c 1 > c 0 , where it becomes unstable and surrounded by an isolated closed invariant curve, for a range of values c > c 1 .
• The region 0 < aβ p < 2, a 2 β 2 p < 4(aβ p + K − 1) corresponds to a weak demand for the asset. No period doubling takes place. The fixed point is stable for 0 < c < c 1 , at which point it undergoes supercritical Neimark-Sacker bifurcation.
• The region 0 < aβ p < 2, a 2 β 2 p > 4(aβ p + K − 1) corresponds to the rather contrived case of weak overall demand for the asset but strong absolute contrarian demand relative to trend-chaser demand. This case cannot occur when contrarian traders are opportunistic. Here we find the fixed point to be stable for 0 < c < c 0 , at which point it undergoes a supercritical period doubling bifurcation to become unstable and flanked by a stable period-2 cycle. Neimark-Sacker bifurcation does not occur.
• The region aβ p > 2, a 2 β 2 p > 4(aβ p + K − 1) is another unrealistic case, with strong absolute contrarian demand relative to trend-chaser demand. This case cannot occur when contrarian traders are opportunistic. The model predicts neither period doubling nor Neimark-Sacker bifurcation in this region, and trajectories may approach infinity or higher-period locally stable orbits.
Apart from the specific behavior emerging from these local bifurcations, the model exhibits a variety of significant local structures arising from global bifurcation and the bifurcation of periodic orbits. These are examined in the following section.
Numerical Results
First we will consider the behavior of the system for the case of absolute contrarian traders, using demand function (8). The emergence of local attracting sets will be explained through our analysis of fixed point bifurcations from Sec. 3 and numerical study of bifurcation of periodic orbits and global bifurcations.
We use c as the bifurcation parameter, and fix the values of the other parameters as follows: a = 1.8, β p = 1.8, b = 0.5, α = 2.3, µ = −1.0. Figure 1 is an orbit diagram for long-term price deviation (p) with varying c, corresponding to these parameter values. From Eq. (16), a subcritical period doubling bifurcation occurs at a value c 0 ≈ 0.498. As c increases through c = c 0 , the fixed point at the origin changes from unstable to stable and flanked by an unstable period-2 cycle. The stable manifold of this period-2 saddle constitutes the basin boundary between the attractor basins for the origin and infinity. For 0.498 < c < 0.788, prices generally converge to their fundamental value.
A series of saddle-node bifurcations of periodic orbits occurs in this model, causing complicated local attractor structures to emerge. The most significant of these is a saddle-node in period-3, at c ≈ 0.725, creating a locally stable period-3 cycle and an unstable period-3 cycle. For 0.725 < c < 0.772, the fixed point at the origin and the period-3 cycle co-exist as local attractors. Thus, for most initial conditions prices will approach their fundamental value, but for some initial conditions prices will tend to follow the values of the period-3 cycle. Since its attractor basin is small, the period-3 cycle does not appear in Fig. 1 . At c ≈ 0.772, the stable period-3 cycle begins a period doubling cascade, eventually forming a local chaotic attractor (A 3 ).
At a value c 1 ≈ 0.788 calculated from Eq. (17), a supercritical Neimark-Sacker bifurcation occurs, and a stable invariant circle called a limit cycle is born as the fixed point loses its stability. Thus, under most initial conditions the price deviation and expectation of price change now will tend toward points on this limit cycle. A contact bifurcation known as a heteroclinic bifurcation takes place at c ≈ 0.818, where the unstable period-3 cycle collides with the stable limit cycle (Fig. 2) . This causes annihilation of the limit cycle, and results in the previously local attractor A 3 emerging as a large and globally stable attractor.
Finally, at c ≈ 0.916, a boundary crisis occurs. In this global bifurcation, the basin boundary of the chaotic attractor A 3 collides with the unstable period-2 cycle created from the initial period doubling bifurcation, destroying A 3 and its basin of attraction.
The bifurcation structure shown in this model is very similar to that in ]. This is not surprising, since the case of absolute contrarian behavior can be reduced to the model of by moderating the demand Fig. 2 . Heteroclinic bifurcation (c = 0.81812). Attractor basin for the triangular limit cycle is shown in blue, basin for chaotic island attractor A 3 is shown in green, and the unstable period-3 cycle is shown in white near the vertices of the limit cycle. strength parameter α by the absolute contrarian demand µ. For example, the heteroclinic bifurcation at c ≈ 0.818 for our case µ = −1.0 would occur at a much smaller value c ≈ 0.591 under the assumption of no contrarian trading (µ = 0). Some differences in bifurcation structure are observed as the strength of the contrarian group is varied. Figure 3 shows an orbit diagram for strong absolute contrarian behavior: using µ = −1.5, and fixing all other parameters as before. The subcritical period doubling now occurs at c 0 ≈ 0.700, and the Neimark-Sacker bifurcation at c 1 ≈ 0.955. For c 0 < c < c 1 prices typically tend to their fundamental value. Thus, when contrarians consistently disagree with the majority of investors, and the degree to which they act on this disagreement is large enough, their actions stabilize asset prices. A saddle-node bifurcation in period-3 occurs at c ≈ 0.936, creating a locally stable period-3 cycle and an unstable period-3 cycle. At c ≈ 0.957, the unstable period-3 cycle collides with the stable small-amplitude limit cycle created in the Neimark-Sacker bifurcation. This contact ("heteroclinic") bifurcation destroys the limit cycle, allowing the stable period-3 cycle to remain as the unique finite attractor. For c > 0.957 prices tend to switch between the values of this period-3 cycle. We do not consider values beyond c > 1, since chartists cannot update their estimate of the trend more often than they receive information.
A two-parameter bifurcation diagram in c and β p is shown in Fig. 4 . From this diagram, we can locate the bifurcation behavior of the fixed point representing the fundamental value of the asset in the map (14), as well as the boundary crises common to all cases of the model. The black region denotes the parameter space of orbits tending to infinity, the large red region denotes the space where the fixed point (p, γ) = (0, 0) is locally stable, and the white region is the space containing stable high-period and aperiodic orbits. The boundary of the black and red regions is the subcritical period doubling curve (16), the boundary of red and white regions is the Neimark-Sacker curve (17), and the boundary of white and black is the location of boundary crisis bifurcation, caused by collision of the chaotic attractor boundary with the unstable period-2 cycle. Fig. 4 . Two parameter bifurcation diagram for absolute contrarian behavior, with µ = −1. Black denotes the parameter space of orbits tending to infinity, red indicates the space where the origin is a locally stable fixed point, the other colored regions denote low-period orbits (period-2 is blue, period-3 is green, period-4 is yellow, etc.) and white includes high-periodic, quasi-periodic and chaotic orbits. The bifurcation behavior for the opportunistic contrarian chartist model is somewhat more complicated, as seen in the orbit diagram (Fig. 5) . Here again we vary c, this time using demand function (9) and the following parameter values: a = 1.8, β p = 1.8, b = 0.5, α = 2.3, m = 2.3. From Eqs. (16) and (17), we calculate the locations of subcritical period doubling and supercritical Neimark-Sacker bifurcations to be c 0 ≈ 0.242 and c 1 ≈ 0.480, respectively. For 0.242 < c < 0.480, prices typically converge to their fundamental value. The analogous interval for which p would tend to zero if there were no contrarian group ] would be 0.315 < c < 0.584. Thus, when opportunistic contrarians exist in the markets, prices will tend to their fundamental value only when the pace of trend-chaser updating is moderate. Within the interval c 0 < c < c 1 saddle-node bifurcations in various periods occur: in period-3 at c ≈ 0.413, in period-4 at c ≈ 0.477, in period-5 at c ≈ 0.465, etc.
Each of these bifurcations creates a locally stable cycle and an unstable cycle, and each of the stable cycles typically undergoes a period doubling cascade to chaos. The resulting chaotic attractors (A n ) produced are locally stable for a small set of initial conditions located far from the origin. Figure 6 shows basins of attraction for the fixed point at the origin and a chaotic island attractor A 3 , at c = 0.43. Surrounding this intermingled basin structure is the attractor basin for infinity. The basin boundary for the attractor at infinity is the stable manifold of the unstable period-2 cycle from the original subcritical period doubling. For c 1 < c < 0.515, prices typically approach values of the limit cycle arising from the Neimark-Sacker bifurcation. At c ≈ 0.515, a period-9 saddle-node bifurcation on the limit cycle attractor causes the limit cycle to become transient, and its stability replaced by that of the stable period-9 "window" (see Fig. 5, bottom) . At c ≈ 0.517, the stable period-9 cycle itself undergoes a NeimarkSacker bifurcation. Subsequently, prices will tend toward the values of the resulting invariant set (A 9 ), with a single orbit visiting all nine of the limit cycle "islands". Since the amplitudes of the islands are small, price movement will appear similar to that of a noisy period-9 cycle (Fig. 7) . The stability of this invariant set A 9 , in turn, is interrupted by a window in 0.5182 < c < 0.5187. This window originates from a period-36 saddle-node, of which the stable period-36 cycle undergoes a period doubling Fig. 6 . Basin diagram at c = 0.43. The attractor basin for the fixed point (0, 0) is shown in green, and for the chaotic island attractor A 3 in blue. Surrounding this structure is the attractor basin for infinity, shown in black, which is bounded by the stable manifold of a period-2 (in white) direct saddle. cascade to chaotic attractor (A 36 ), and the window closes via an interior crisis where the unstable period-36 cycle collides with A 36 , causing A 36 and the former A 9 to merge into a single chaotic attractor. At c ≈ 0.520, the entire attractor is ultimately destroyed as the result of a boundary crisis in which the chaotic set collides with the unstable period-2 orbit created from the initial subcritical period doubling bifurcation.
We now consider the effects of varying other rate constants for the opportunistic contrarian model. Specifically, we observe behavior arising using the following parameter set: a = 1.5, β p = 1.5, b = 0.5, α = 2.3, m = 2.3. This example has a weaker speed of price adjustment (β p ) and strength of fundamentalist reaction (a) than the previous example. The orbit diagram (Fig. 8) shows similar overall behavior as the previous case. We will focus on the behavior occurring in the initial range of c values. The detailed orbit diagram corresponding to 0.445 < c < 0.520 is shown as the bottom diagram in Fig. 8 . From Eqs. (16) and (17), subcritical period doubling and supercritical Neimark-Sacker bifurcations occur at c 0 ≈ 0.065 and c 1 ≈ 0.449, respectively. Limit cycle behavior occurs for a range 0.449 < c < 0.496. At c ≈ 0.492, a period-4 saddle-node bifurcation creates a locally stable period-4 cycle and an unstable period-4 cycle. For 0.492 < c < 0.496, the stable period-4 cycle coexists with the limit cycle (Fig. 9) . At c ≈ 0.496, a period-6 saddle-node bifurcation occurs on the limit cycle, creating a stable period-6 cycle which replaces the limit cycle (the period-6 "window" in the bottom orbit diagram, Fig. 8 ) and an unstable period-6 cycle. The stable period-6 cycle undergoes Fig. 9 . Basin diagram at c = 0.495, for opportunistic contrarians (a = 1.5, βp = 1.5). Attractor basin for the limit cycle is shown in green, and the basin for the period-4 cycle is in blue. a period doubling cascade to chaotic attractor (A 6 ). At c ≈ 0.506 a saddle period doubling bifurcation of the unstable period-6 (saddle) cycle creates an unstable period-12 (saddle) cycle and an unstable period-6 (node) cycle. At c ≈ 0.515, the chaotic attractor A 6 collides with this unstable period-12 cycle. This causes an interior crisis, where the A 6 and the previous limit cycle attractor merge into a single larger chaotic attractor. Figure 10 is a basin diagram showing the attractor basins at c = 0.516 for the emergent larger chaotic attractor and the period-4 attractor which is still present.
A two-parameter bifurcation diagram in β p and c (Fig. 11) summarizes the behavior for the case of opportunistic contrarian investors. From this figure it is evident that the period doubling curve (the boundary between the black and red regions) and Fig. 11 . Two-parameter bifurcation diagram for opportunistic contrarian behavior, a = 1.8. Black denotes the parameter space of orbits tending to infinity. Red signifies a stable fixed point (located at the origin), blue a stable period-2 orbit, green a stable period-3 orbit, yellow a stable period-4 orbit, etc. The white region is the space containing high-periodic and aperiodic orbits.
the Neimark-Sacker curve (the boundary between the red and white regions) have sharper slopes than for the case of absolute contrarian (Fig. 4) . Hence, the bifurcations occur at smaller values of β p and c. This means the reaction of chartists to price changes affects price dynamics more significantly when contrarian chartists are opportunistic rather than absolute. It is also significant that the white area, indicating periodic and aperiodic dynamics, is much more extensive when opportunistic contrarians are considered. Thus, including this group in the model increases the complexity of asset price movement for c > c 0 and moderate values of β p . This is expected since their method of predicting future prices is much different, and indeed more complex, than that of an absolute contrarian.
Conclusions
In this paper, a dynamical systems model for asset pricing dynamics is developed and analyzed. The model is based on heterogeneous beliefs among traders, extending a model in . These deterministic models are much different from the CAPM and stochastic calculus based models in current use.
The model considers the effects of contrarian chartists, who are a third trader group, related to the trend chasing chartists considered in standard models such as . The model considers two cases. The first case deals with absolute contrarians, who disagree with the opinions of trend chasers in all trading situations. The second case deals with opportunistic contrarians, who disagree with trend chasers at times when they believe prices are about to increase rapidly, or have been pushed to their maximum value.
In both cases, the model displays complex behavior. In the case of absolute contrarians the model behavior is similar to that of the benchmark model . In the case of opportunistic contrarians, we observe local and global bifurcations occurring for slower rates of trendchaser updating (c) than in . Thus, inclusion of these opportunistic traders as a viable trading group adds to the sensitivity of asset prices: prices follow more complicated cycles (rather than converging to the fundamental price) for smaller values of c. Even in a scenario where chartists are slow to update their estimate of price changes, prices can fluctuate more rapidly than those in the absence of opportunistic contrarians. This agrees with intuition, since a more diverse group of traders is likely to cause more volatility in the price of an asset.
Dynamical systems models based on heterogeneous trading groups undoubtedly have the potential to make good predictions of actual markets, predictions which are complementary to those of stochastic calculus based models. Future work in this area includes identifying a more diverse trader group to incorporate into the model, and analyzing the behavioral effects of stochastic terms to account for random price fluctuations. As well, it is desirable to test the model against real data to verify its performance in market predictions.
